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Abstract

This project investigates the expressivity of implicit neural network architec-
tures for computing data-driven stability and safety certificates in dynamical
systems. While feedforward neural networks have been used to approximate
Lyapunov functions, their expressivity can be limited in high-dimensional or
highly nonlinear settings. Implicit neural networks, defined through fixed-point
equations, offer enhanced representational capacity and natural connections to
complementarity-based control strategies. We propose a systematic compar-
ison of feedforward and implicit architectures using both ReLU and softplus
activations, with a focus on their ability to represent generalised quadratic
Lyapunov functions. A key methodological contribution is the development of
curriculum-based training strategies, including activation smoothness annealing
(gradually transitioning from softplus to ReLU during training as a continuation
method) and progressive system complexity scaling for interconnected systems.
The project further explores learning-based control synthesis, where computed
Lyapunov certificates guide safe policy learning in a data-driven setting. This
collaboration between Inria DISCO and UCL Computer Science combines ex-
pertise in implicit models, convex optimisation, and Lyapunov theory (Inria)
with training methodology, learning-based control, and interconnected systems

(UCL).

1 Project Description

The deployment of Neural Networks (NNs) as control-law components in dynam-
ical systems necessitates rigorous guarantees of safe and reliable operation [12].
Formal certification of key system properties—such as stability, robustness (e.g.,



input-to-state stability), and performance or safety indices—can be achieved by
constraining the certificate to a suitable functional class (e.g., Lyapunov or
storage functions) and computing its parameters via convex optimization tech-
niques. Furthermore, in scenarios where system complexity or limited prior
knowledge precludes the availability of accurate mathematical models, certifi-
cation must be derived directly from data. This data-driven paradigm bypasses
the traditional system identification step, thereby enabling end-to-end control
design.

For large-scale systems, however, certificates with high-dimensional param-
eterizations become increasingly difficult to compute, while overly restrictive
choices (e.g., structured quadratic functions) may lead to conservative or sub-
optimal results. Recent advances exploit compositional Lyapunov function con-
structions, where feedforward neural networks are employed to approximate
Lyapunov functions directly from data [7]. These approaches often rely on Lya-
punov inequalities derived from Zubov’s theorem [18]. Similarly, feedforward
architectures have been used to compute polyhedral Control Lyapunov Func-
tions (CLFs) using ReLU activation functions, leveraging their piecewise-affine
structure [9]. Such certificates can subsequently be used for safety verification
or for synthesizing feedback controllers, for instance via gradient-based policies
derived from storage functions.

Despite their computational convenience—particularly due to compatibility
with standard backpropagation frameworks—feedforward architectures may ex-
hibit limited expressivity in high-dimensional or highly nonlinear settings. In
contrast, implicit neural networks [4] offer enhanced representational capacity
and improved memory efficiency [10], which may significantly benefit scalabil-
ity. When ReLU activations are employed, the resulting mappings are piecewise
affine and may exhibit discontinuities, or may present solutions that are only
locally well-posed (i.e., defined on compact subsets of the state space). Notably,
such implicit representations can be reformulated as Linear Complementarity
Problem [11], establishing connections with widely used control strategies such
as quadratic-programming and linear-programming-based model predictive con-
trol (QP-MPC and LP-MPC) [16, 11].

A smooth approximation of the ReLU function is given by the softplus func-
tion, parameterized by k:

f(z) =In(1 + k).

The approximation quality is governed by the scalar parameter k, with the
ReLU recovered in the limit as £ — oo. The approximation of non-differentiable
functions by smooth counterparts has been extensively studied in the context
of optimization, particularly to analyze limiting behavior and regularization
effects [13]. This project proposes to investigate the trade-offs between ReLU
and softplus activations in terms of the expressivity [17, 15] of Lyapunov function
approximators. In implicit architectures, ReLU activations can be composed
to approximate regularized step functions [5, 14], which may induce ill-posed
algebraic loops with solutions confined to finite intervals. By contrast, smooth



approximations may ensure continuity; however, they do not guarantee Lipschitz
boundedness.

From a control synthesis perspective, admissible control inputs are those
that ensure a decrease condition on a Control Lyapunov Function. Alterna-
tively, within a data-driven framework, the control policy may be learned by
formulating the objective as a reward maximization problem in the context of
learning-based control (including reinforcement learning [6] and gradient-based
policy optimisation). Recent work has demonstrated that neural networks can
jointly learn Lyapunov functions and stabilising controllers [3], while safe rein-
forcement learning methods exploit Lyapunov certificates to guarantee stability
during exploration [2].

A central challenge in training neural networks to approximate Lyapunov
functions is the design of effective learning strategies. We propose to adopt
curriculum learning approaches [1], where the training process is structured
in stages of increasing difficulty. In particular, we will investigate activation
smoothness annealing: rather than selecting between softplus and ReLU a pri-
ori, the softplus parameter k is gradually increased during training, starting
from a smooth optimisation landscape (k small) and progressively approaching
the piecewise-affine ReLU limit (kK — oo). This continuation strategy is theo-
retically grounded in smooth minimisation frameworks [13] and transforms the
static expressivity comparison into a dynamic training methodology. Additional
curriculum dimensions include progressive scaling of system complexity (from
low-dimensional benchmarks to interconnected systems) and gradual expansion
of the training region in state space, where each stage defines an invariant set
candidate.

A further motivation for the implicit neural network framework is its ca-
pacity to represent feedback-interconnected systems. The composition rules for
implicit models (cascade, parallel, and feedback) enable the analysis of coupled
subsystems, where well-posedness of the feedback loop is guaranteed by spec-
tral conditions on the weight matrix [4]. This naturally extends compositional
Lyapunov constructions [7] from feedforward coupling to genuine feedback in-
terconnections, addressing a gap in the current literature.

The project is structured around the following research tasks:

1. Define benchmark classes of nonlinear systems with known smooth or
piecewise-smooth Lyapunov functions to enable systematic evaluation.
For existing methods, a few examples have been put forward in [8]

2. Investigate neural network architectures that induce Lyapunov function
representations in the form of generalized quadratic functions.

3. For Lyapunov function approximation, systematically compare—under
equal parameter budgets—the expressivity of feedforward and implicit
neural network architectures using both ReLU and softplus activations.

4. Based on the approximation error of the computed Lyapunov functions,
assess whether convergence guarantees extend to invariant sets rather than



isolated equilibria, and assess dynamical properties impacted by the ap-
proximation errors, such as the safety of trajectories.

5. Develop curriculum-based training strategies [1] for Lyapunov neural net-
works, including activation smoothness annealing (k-curriculum) and pro-
gressive system complexity scaling for interconnected systems.

6. Investigate learning-based control synthesis [3, 2] using computed Lya-
punov certificates as safety constraints or shaped objectives for policy
learning.

In parallel, the following practical aspects will be addressed:

P1 Develop improved algorithms for parameter computation in implicit neural
networks, with emphasis on numerical stability and convergence.

P2 Perform a comparative analysis of the computational complexity and ef-
ficiency of feedforward and implicit architectures, considering both ReLLU
and softplus activation functions.

2 Work Plan
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Figure 1: Project schedule.

The expected outcome and deliverables of the project are:

O1 Journal papers on the expressivity comparison of feedforward and implicit
neural network architectures for Lyapunov function approximation (Tasks
1-3).
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03

04
05

Journal papers on curriculum learning strategies for Lyapunov neural net-
work training, including activation smoothness annealing and system com-
plexity scaling (Task 5).

Conference and Journal papers on learning-based control with Lyapunov
safety certificates for interconnected systems (Task 6).

Scientific reports on the findings of the two practical tasks P1 and P2.

Open-source software toolbox for computing implicit neural network Lya-
punov functions with curriculum-based training.

The post-doc will take place within the Inria Team DISCO, hosted at the L.2S
Laboratory of Signals and Systems, with a target starting date of November,
1st 2026.

In May 2027, the postdoctoral researcher will start his/her one year stay in
London, UK, in collaboration with Prof. Akin Delibasi in the Computer Science
department of University College London. The collaboration will focus on the
following complementary aspects of the proposed methods:

Curriculum-based training methodology (Task 5): Development
of structured training strategies [1] for Lyapunov neural networks. The
primary approach is activation smoothness annealing, where the soft-
plus parameter k is gradually increased during training as a continuation
method [13]. Supporting strategies include progressive system complexity
curricula (scaling from single subsystems to interconnected systems) and
state-space expansion curricula (training outward from the equilibrium to
define increasingly large invariant sets). This work builds on Delibasi’s
expertise in Al and machine learning methodology.

Interconnected and feedback systems: Extension of the implicit neu-
ral network framework to feedback-connected systems, leveraging the com-
position rules of implicit models and compositional Lyapunov construc-
tions. The progressive interconnection curriculum provides a principled
pathway from isolated subsystems to fully coupled networks. This draws
on Delibasi’s background in stability analysis of interconnected, LPV, and
switched delay systems, and in LMI/PMI-based methods developed during
his research at LAAS-CNRS with D. Henrion and D. Arzelier.

Learning-based control with safety certificates (Task 6): Investiga-
tion of how computed Lyapunov certificates can guide safe policy learning
in a data-driven setting [2], including Lyapunov-constrained policy opti-
misation and curriculum-guided safe exploration.

The two-site structure reflects the logical organisation of the research: the Inria
phase (Tasks 1-4, P1-P2) develops the benchmark systems, implicit neural net-
work architectures, expressivity theory, and the Lyapunov analysis for stability
and safety, while the UCL phase (Tasks 5-6) develops the training methodology,



interconnected system extensions, and learning-based control synthesis. Both
phases are essential to the project: without the Inria contributions, there are
no architectures or expressivity results to build upon; without the UCL contri-
butions, the training strategies remain standard, and the Lyapunov certificates
lack a pathway to data-driven controller design.

Collaboration context

Both Valmorbida and Delibasi held research positions at LAAS-CNRS, Toulouse,
sharing a common research heritage in polynomial optimisation, Lyapunov meth-
ods, and convex optimisation for control. This postdoctoral project would be
among the first funded positions under the UCL-Inria Joint Centre agreement
signed in 2025, demonstrating that the partnership is producing concrete col-
laborative research in artificial intelligence and control.
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